Abstract. Let (R, m) be a commutative Noetherian local ring and let M and N be finitely generated R-modules of finite injective dimension and finite Gorenstein injective dimension, respectively. In this paper we prove a generalization of Ischebeck Formula, that is depth R M + sup{i| Ext i R (M, N ) = 0} = depthR.
Introduction
Throughout this paper, (R, m) is a commutative Noetherian local ring with the maximal ideal m.
Our motivation to do this work is the first steps of the solution of a conjecture of Bass given by Levin and Vasconcelos in 1968 [LV] when R admits a finitely generated R-module of injective dimension ≤ 1. One of the main ingredients of their proof is to use a formula which relates the depth of a module to the depth of the ring via a non-vanishing of Ext when R admits a finitely generated R-module of finite injective dimension. More precisely, if M is a finitely generated R-module of finite injective dimension, then for any finitely generated R-module L, there is the following equality depth R L + sup{i| Ext i R (L, M ) = 0} = depthR. This formula was simultaneously proved by Ischebeck [I] using an easy induction argument on depth R L. In this paper we give and prove a generalization of this formula existing a finitely generated R-module of finite Gorenstein injective dimension which turns out to be much more complicated. To be more precise, we show that if M and N are finitely generated R-modules of finite injective dimension and finite Gorenstein injective dimension respectively, then we have
As an application, we show that if R is Cohen-Macaulay and N is a finitely generated R-module of finite Gorenstein injective dimension, then there exists a finitely generated R-module M of finite injective dimension such that Hom R (M, N ) = 0 and Ext i R (M, N ) = 0 for all i > 0.
The main results
Throughout this section, let (R, m) be a local ring and we letR, the completion of R with respect to the maximal ideal m. For an R-module M , a prime ideal p of R and an integer i, the i-th Bass number of M with respect to p is the (cardinal) number µ i R (p, M ), that is the dimension of Ext i Rp (R p /pR p , M p ) as a vector-space on the residue field R p /pR p .
Lemma 2.1. Let N be a finitely generated R-module of finite Gorenstein injective dimension and let M be a finitely generated R-module of finite injective dimension with depth R M = depthR = r > 0. Then we have the following equality sup{i| Ext i R (M, N ) = 0} = 0. Proof. We note that id R M = idR(M ⊗ RR ) = r and by virtue of [FFr, Theorem 3 .6] we have GidR(N ⊗ RR ) < ∞. Therefore it follows from [CS, Corollary 2.3] that Gid R N = GidR(N ⊗ R R) = r, and so without loss of generality the claim, we may assume that R is complete. Since M is finitely generated and depthM = r, the proof of [FFGR, Proposition 2.2] and [PS, Theorem 4.10] imply that for each i ≥ 0, there is the following isomorphisms
. Now, using [EJ2, Corollary 4 .4], we have the following equalities which gives the assertion
. . be injective resolvent and injective resolution for the corresponding modules N and M . Then the 3rd quadrant double complex (Hom(E i , E j )) i,j is such that the two associated spectral sequences collapse. This implies that we can compute derived functors of Hom using either the injective resolution of M or the injective resolvent of N when it exists. These left derived funetors will be denoted Ext 
, an R-module N is said to be mock finitely generated if for each finitely generated R-module M and each i ≥ 1 each of the modules Ext
Remark 2.3. Foxby in [F, Corollary 4.5] proved that if M is a non-zero finitely generated R-
In the following lemma which we use from this fact, M is of finite injcetive dimension and so R is Cohen-Macaulay. In this case the result has an easy proof which we mention it. In fact, without loss of generality we may assume that R is complete and so R is a homomorphic image of a Gorensatein local ring (A, n) and we have depth R M = depth A M . By virtue of [F, Remark 2.7] there exists a complex of finitely generated free R-modules F := . . . → F t+1 → F t → 0 such that the rank of each F i is µ i R (m, M ) and H i (F) = 0 for all i < depth R M or i > dim M and moreover dim H i (F) ≤ i for all i. By using the local duality theorem for local cohomology and this fact that H t n (M ) = 0 we can deduce that H t (F) = 0. Now consider the exact sequence 0
As R is Cohen-Macaulay, we have dim Z = dim R and since t < dim R, there exists a p ∈ AssZ such that dim R/p > t and so H t (F) p = 0. Now if we localize the above exact sequence to p we deduce that rankF t+1 > rankF t . Keeping in mind this fact we have the following lemma.
Lemma 2.4. Let N be a finitely generated R-module of finite Gorenstein injective dimension and let M be a finitely generated R-module of finite injective dimension with depthM = 0 and depthR = 1, then we have the equality sup{i| Ext i R (M, N ) = 0} = 1. Proof. Similar to the argument mentioned in the previous lemma we may assume that R is complete. As Gid R N = depthR = 1, it is clear that Ext 
) = 0 and so since M is finitely generated, we have the following isomorphisms Theorem 2.5. Let M be a finitely generated R-module of finite injective dimension and let N be a finitely generated R-module of finite Gorenstein injective dimension. Then there is the following equality depth R M + sup{i| Ext i R (M, N ) = 0} = depthR. Proof. As all invariants in the assumption and the assertion are well-behaviour with respect to the completion of R in m, we may assume that R is complete. At first assume that depthR = 0. In this case id R M = 0 = Gid R N , and so M = ⊕ µ 0 R (m,M ) E(R/m). Therefore the result follows by the same reasoning in Lemma 2.1 and using [EJ2, Corollary 4.4] in this case. Assume that depthR = r > 0 and depth R M = s and we also note that s ≤ dim M ≤ id R M = r. If r = s, then the assertion follows by Lemma 2.1 . Therefore we assume that s < r. In this case if r = 1, then the assertion follows by Lemma 2.4. Therefore we may assume that r ≥ 2. As Gid R N = r, there is an exact sequence of R-modules
such that G is mock finitely generated Gorenstein injective and K is mock finitely generated with id R K = r − 1 (see the proof of [S, Proposition 5.3] ). We claim that µ On the other hand it is clear that Ext i R (M, K) = 0 for all i > r − 1 as id R K = r − 1. Now, if we apply the functor Hom R (M, −) to that exact sequence ( †), the assertion follows easily in this case. Suppose that s > 0 and the assertion has been proved for all values smaller than s and so we prove it for s. In this case there exists an element x ∈ m which is an M -regular. Hence there exists the following exact sequence of R-modules
Applying the functor Hom R (−, N ) to the exact sequence ( ‡), for each i, induces the following exact sequence Ext Proof. Let depthR = dim R = d. Then there exist a system of parameter x 1 , . . . , x d ∈ m \ m 2 . Consider R i = R/(x 1 , . . . , x i )R and we know that R/(x 1 , . . . , x d ) is Artinian and injective envelope of R/m, say M , is a finitely generated R d -module. By virtue of [LV, Theorem 3 .1], we have id R d−1 M = 1 and repeating this way we have id R M = d and M is a finitely generated R-module. We note that by constructing this module and the same reasoning mentioned in [LV, Remarks. p . 319] we have µ
(mR i , M ) = 1. We claim that depth R M = d. Otherwise, assume that depth R M = t < t + 1 = depthR d−t−1 ≤ d. As R d−1 is a finitely generated R-module, by virtue of [LV, Lamma, p 
